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Preamble

The purpose of this License is to make a manual, textbookttmrdunctional and useful document “free” in the sense eédiom: to assure everyone the effective freedom to copy edidtribute it, with or without modifying it, either
commercially or noncommercially. Secondarily, this Liserpreserves for the author and publisher a way to get caeditéir work, while not being considered responsible fodifications made by others.

This License is a kind of “copyleft”, which means that detiva works of the document must themselves be free in the samse. It complements the GNU General Public License, whialtopyleft license designed for free software.

We have designed this License in order to use it for manualsde software, because free software needs free docutizenta free program should come with manuals providing #reesfreedoms that the software does. But this License is not
limited to software manuals; it can be used for any textuakwegardless of subject matter or whether it is publisteed printed book. We recommend this License principally forkg whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medihat contains a notice placed by the copyright holdemggigican be distributed under the terms of this License. $unbtice grants a world-wide, royalty-free license, unfedi
in duration, to use that work under the conditions statedihefThe ‘Document’, below, refers to any such manual or work. Any member of thieliz is a licensee, and is addressed y®". You accept the license if you copy, modify or distribute th
work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document artign of it, either copied verbatim, or with modificationsddor translated into another language.

A “Secondary Sectiohis a named appendix or a front-matter section of the Docurteat deals exclusively with the relationship of the puifitiss or authors of the Document to the Document's overajestifor to related matters) and contains
nothing that could fall directly within that overall subje¢Thus, if the Document is in part a textbook of mathematicSecondary Section may not explain any mathematics.) &latanship could be a matter of historical connection \ih subject or
with related matters, or of legal, commercial, philosophiethical or political position regarding them.

The “Invariant Sections’” are certain Secondary Sections whose titles are designasebeing those of Invariant Sections, in the notice that gzt the Document is released under this License. If aosedbes not fit the above definition of
Secondary then it is not allowed to be designated as Invafféme Document may contain zero Invariant Sections. If tbeunent does not identify any Invariant Sections then thezerone.

The “Cover Texts' are certain short passages of text that are listed, as fower Texts or Back-Cover Texts, in the notice that saysttit@Document is released under this License. A Front-Chaermay be at most 5 words, and a Back-Cover
Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, rpexsin a format whose specification is available to the gémeiblic, that is suitable for revising the document gfidiorwardly with generic text editors or (for
images composed of pixels) generic paint programs or (fawihgs) some widely available drawing editor, and that isable for input to text formatters or for automatic trarisla to a variety of formats suitable for input to text forreas. A copy
made in an otherwise Transparent file format whose markughsence of markup, has been arranged to thwart or discosuhgequent modification by readers is not Transparent. Agérformat is not Transparent if used for any substantialamno
of text. A copy that is not “Transparent” is calle@paque’.

Examples of suitable formats for Transparent copies irepidin ASCII without markup, Texinfo input format, LaTeXpat format, SGML or XML using a publicly available DTD, andastlard-conforming simple HTML, PostScript or PDF
designed for human modification. Examples of transpareagéformats include PNG, XCF and JPG. Opaque formats ingrajeietary formats that can be read and edited only by ety word processors, SGML or XML for which the DTD
and/or processing tools are not generally available, aadichine-generated HTML, PostScript or PDF produced byeseard processors for output purposes only.

The “Title Page’ means, for a printed book, the title page itself, plus swafofving pages as are needed to hold, legibly, the matdrislicense requires to appear in the title page. For worksrimats which do not have any title page as such,
“Title Page” means the text near the most prominent appearafithe work's title, preceding the beginning of the bodyhef text.

A section ‘Entitled XYZ " means a named subunit of the Document whose title eithereisigely XYZ or contains XYZ in parentheses following telat translates XYZ in another language. (Here XYZ standsfspecific section name
mentioned below, such as\tknowledgements, “ Dedications’, “ Endorsements, or “History”.) To “Preserve the Titl€ of such a section when you modify the Document means thahigins a section “Entitled XYZ" according to this definition

The Document may include Warranty Disclaimers next to thécaavhich states that this License applies to the DocuniBmese Warranty Disclaimers are considered to be includegfeyence in this License, but only as regards disclaiming
warranties: any other implication that these Warranty Risters may have is void and has no effect on the meaning ®tthense.

2. VERBATIM COPYING

‘You may copy and distribute the Document in any medium, eitbenmercially or noncommercially, provided that this Liise, the copyright notices, and the license notice sayisd.tbense applies to the Document are reproduced in allesopi
and that you add no other conditions whatsoever to thoséoEittense. You may not use technical measures to obstructrdrol the reading or further copying of the copies you makeistribute. However, you may accept compensation inaxgh
for copies. If you distribute a large enough number of cogimsmust also follow the conditions in section 3.

You may also lend copies, under the same conditions staeaaand you may publicly display copies.

3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that comipdiave printed covers) of the Document, numbering more @) and the Document’s license notice requires Cover Tgatsmust enclose the copies in covers that carry, clearly
and legibly, all these Cover Texts: Front-Cover Texts onftbet cover, and Back-Cover Texts on the back cover. Botlecomust also clearly and legibly identify you as the pulgligf these copies. The front cover must present the full wiith all
words of the title equally prominent and visible. You may adder material on the covers in addition. Copying with clemlimited to the covers, as long as they preserve the titleeoDocument and satisfy these conditions, can be treateetbatim
copying in other respects.

If the required texts for either cover are too voluminousttéefjibly, you should put the first ones listed (as many as éisoaably) on the actual cover, and continue the rest onézexdj pages.

If you publish or distribute Opaque copies of the Documemhbering more than 100, you must either include a machingatsle Transparent copy along with each Opaque copy, oristatevith each Opaque copy a computer-network location
from which the general network-using public has access wnttzad using public-standard network protocols a complesasparent copy of the Document, free of added materigloufuse the latter option, you must take reasonably prudepss
when you begin distribution of Opaque copies in quantityerisure that this Transparent copy will remain thus acclesattthe stated location until at least one year after thetila you distribute an Opaque copy (directly or throughryagents or
retailers) of that edition to the public.

Itis requested, but not required, that you contact the asthithe Document well before redistributing any large nentf copies, to give them a chance to provide you with an wgatieersion of the Document.

4. MODIFICATIONS

‘You may copy and distribute a Modified Version of the Documemder the conditions of sections 2 and 3 above, providedythatrelease the Modified Version under precisely this Lieengith the Modified Version filling the role of the
Document, thus licensing distribution and modificationt Modified Version to whoever possesses a copy of it. In addiyou must do these things in the Modified Version:
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A. Use in the Title Page (and on the covers, if any) a titleidéstfrom that of the Document, and from those of previousigers (which should, if there were any, be listed in the Hissection of the Document). You may use the same title as
a previous version if the original publisher of that versgives permission.

B. Liston the Title Page, as authors, one or more personstitiesiresponsible for authorship of the modifications ie Modified Version, together with at least five of the prin¢iathors of the Document (all of its principal authors, ihids
fewer than five), unless they release you from this requirgme

C. State on the Title page the name of the publisher of the fiéntiVersion, as the publisher.

D. Preserve all the copyright notices of the Document.

E. Add an appropriate copyright notice for your modificati@ujacent to the other copyright notices.

F. Include, immediately after the copyright notices, arlie notice giving the public permission to use the ModifiedsM under the terms of this License, in the form shown inAtidendum below.
G. Preserve in that license notice the full lists of Invari@actions and required Cover Texts given in the Documeiggnée notice.

H. Include an unaltered copy of this License.

I. Preserve the section Entitled “History”, Preserve itdeTiand add to it an item stating at least the title, year, aathors, and publisher of the Modified Version as given onTitle Page. If there is no section Entitled “History” in the
Document, create one stating the title, year, authors, abtigher of the Document as given on its Title Page, then adtean describing the Modified Version as stated in the previgentence.

J. Preserve the network location, if any, given in the Doautrfier public access to a Transparent copy of the Documenit|ikewise the network locations given in the Document favypous versions it was based on. These may be placed in
the “History” section. You may omit a network location for @sk that was published at least four years before the Doctitesdf, or if the original publisher of the version it refeto gives permission.

K. For any section Entitled “Acknowledgements” or “Dedicais”, Preserve the Title of the section, and preserve irséiction all the substance and tone of each of the contribotorowledgements and/or dedications given therein.
L. Preserve all the Invariant Sections of the Document,tenad in their text and in their titles. Section numbers erehjuivalent are not considered part of the section titles.

M. Delete any section Entitled “Endorsements”. Such a seatiay not be included in the Modified Version.

N. Do not retitle any existing section to be Entitled “Encdarents” or to conflict in title with any Invariant Section.

O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sectiomappendices that qualify as Secondary Sections and combaimaterial copied from the Document, you may at your optiesighate some or all of these sections as invariant. To do
this, add their titles to the list of Invariant Sections ie todified Version's license notice. These titles must bérntisfrom any other section titles.

You may add a section Entitled “Endorsements”, providedittains nothing but endorsements of your Modified Versiorvdajous parties—for example, statements of peer reviewatrthe text has been approved by an organization as the
authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Tekia passage of up to 25 words as a Back-Cover Text, to the ehe Bt of Cover Texts in the Modified Version. Only one pagsaf Front-Cover Text and one of Back-Cover
Text may be added by (or through arrangements made by) angrtity. If the Document already includes a cover text forsame cover, previously added by you or by arrangement matteelsame entity you are acting on behalf of, you may not add
another; but you may replace the old one, on explicit peiimissom the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not bytticisnse give permission to use their names for publicityofoto assert or imply endorsement of any Modified Version.

5. COMBINING DOCUMENTS

‘You may combine the Document with other documents releasdénthis License, under the terms defined in section 4 almveddified versions, provided that you include in the coration all of the Invariant Sections of all of the original
documents, unmodified, and list them all as Invariant Sestaf your combined work in its license notice, and that yasprve all their Warranty Disclaimers.

The combined work need only contain one copy of this Liceasd, multiple identical Invariant Sections may be replacét wsingle copy. If there are multiple Invariant Sectiorigwthe same name but different contents, make the title ea
such section unique by adding at the end of it, in parenthésesame of the original author or publisher of that secti&nown, or else a unique number. Make the same adjustmehétsection titles in the list of Invariant Sections in theetise notice
of the combined work.

In the combination, you must combine any sections Entiti¢idtory” in the various original documents, forming onetsat Entitled “History”; likewise combine any sections Eted “Acknowledgements”, and any sections Entitled “Dedions”.
You must delete all sections Entitled “Endorsements”.

6. COLLECTIONS OF DOCUMENTS

‘You may make a collection consisting of the Document andratbeuments released under this License, and replace tivédual copies of this License in the various documents \gitingle copy that is included in the collection, provideatth
you follow the rules of this License for verbatim copying afl of the documents in all other respects.

You may extract a single document from such a collection,disttibute it individually under this License, providedwyinsert a copy of this License into the extracted document,fallow this License in all other respects regarding vérba
copying of that document.

7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with otheparate and independent documents or works, in or on a vafimstorage or distribution medium, is called an “aggregitée copyright resulting from the compilation is not used
to limit the legal rights of the compilation’s users beyonidatthe individual works permit. When the Document is ineldiéh an aggregate, this License does not apply to the othessimthe aggregate which are not themselves derivativésvofrthe
Document.

If the Cover Text requirement of section 3 is applicable &sthcopies of the Document, then if the Document is less themalf of the entire aggregate, the Document’s Cover Tegtsime placed on covers that bracket the Document within the
aggregate, or the electronic equivalent of covers if theubuent is in electronic form. Otherwise they must appear amtgal covers that bracket the whole aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you miayriute translations of the Document under the terms ctfiee 4. Replacing Invariant Sections with translatioraiees special permission from their copyright holders yiou may
include translations of some or all Invariant Sections idiidn to the original versions of these Invariant Sectiovisu may include a translation of this License, and all teeriise notices in the Document, and any Warranty Disclairpeosided that
you also include the original English version of this Licerad the original versions of those notices and disclaintersase of a disagreement between the translation anditfieaiversion of this License or a notice or disclaimer, ¢higinal version
will prevail.

If a section in the Document is Entitled “Acknowledgement&edications”, or “History”, the requirement (sectionté)Preserve its Title (section 1) will typically require ctuang the actual title.

9. TERMINATION

‘You may not copy, modify, sublicense, or distribute the Dent except as expressly provided for under this Licensg.odiner attempt to copy, modify, sublicense or distributeEfocument is void, and will automatically terminate yoghtis
under this License. However, parties who have receivedesppr rights, from you under this License will not have tiieenses terminated so long as such parties remain in faiptiance.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revisedmessof the GNU Free Documentation License from time to timechShew versions will be similar in spirit to the present i@ns but may differ in detail to address new problems or
concerns. See http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing versiomber. If the Document specifies that a particular nuntbeeesion of this License “or any later version” applies tg@u have the option of following the terms and conditionbei
of that specified version or of any later version that has Ipedslished (not as a draft) by the Free Software FoundatfdthelDocument does not specify a version number of this lseegou may choose any version ever published (not as a tyaft)

the Free Software Foundation.



Chapter

Generating Functions

1.1 Ordinary Generating Functions

Suppose we desire to change a dollar bill with pennies, tickémes, quarters and half-dollars. In how many ways cadave
this?
This problem is equivalent to finding the number of nonnegatolutions to the equation

X+ 5y+ 10z+ 25w+ 50v= 100,
It is easy to see that this is the same as asking for the ceeffiofx'°° in the expansion of

CX) = (L4+x+x+x3+..)
(A x04 x5 )
(L4 X0+ x20 4304 )
R R e
-(1—|—X50—|—X100—|—X150+...)

1
(1) (1-x8) (1-x10)(1-x2%) (1-x50) *

We call the functiorC theordinary generating functioof the change-making problem. We see that in general, thiéiceat
of X" in the expansion oE(x) gives us the number of nonnegative solutions to the equation

X+ 5y + 102+ 25w+ 50v=n.

In general, we call the function

theordinary generating functionf the sequencay,as, ay, .. ..

1 Example Devise a pair of dice with exactly the same outcomes as anglfiee (the sum 2 comes out once, etc.), but which
are not ordinary dice.

Solution: Think of the ordinary die as the polynomial
X+ 333X+ 8.
The outcomes of the ordinary pair of dice occur then as thegeaf
X+ X243+ x4+ +x8)2,
that is, the coefficients of the polynomial

X2 4 25 + 3x* + 4x° 4 558 + 6x” + 5x8 4+ 4x® + 3x10 4 2xM1 4 x12

vii



viii Chapter 1

tell us that 2 occurs once, 3 occurs twice, etc..
We are thus looking foa; andbj such that

O 4+ 4X) (P 4 X06) = (X ) (X - +3),
i.e., an alternate factorisation for the dextral side of #quality. Now
1-x8
1-x
1-x3
14+x3
Xl—x( +x°)
X(L+Xx+5X3) (1+X) (1 —x+x3).

X+-4+x8 = x

The factors we seek must multiply to
X2 (L4+X4+X)%(L4+ %)% (1 —x+x2)2.

Each factor must have an(the condition of havingositiveentries) and each factor must have & 2 and 14 x+ x? (the
condition of having 6 faces, meaning that the value=al is 6). The only free choice is on the distribution of the twe 2+ x?
factors. If we give one to each we get ordinary dice so we nmyshe other way. Thus we take the polynomials

XA+ X+X)(1+X) =x+ 2+ 23 +x
and
XL+ X4+X)(1+X) (L= x+ X2 =x+ X+ X+ X X818

Therefore, if one die reads
1,2,2,3,3,4

and the other reads
1,3,4,5,6,8,

we meet the conditions of the problem.

2 Example Prove that the positive integers cannot be partitionedarftoite number of setS;, S, ..., S, each of which is an
infinite arithmetic progression each with different comnaldfference.

Solution: Assume on the contrary that

N:SlUSZU"'US],
with § = {ax+ dk, ak + 2dx, ax + 3dy, ..., },1 <k <n,dy > dp > d3 > --- > dn. Then

D=y Y

meN meS; meS, meS,

that is to say, " " o
Z 1 2

1z 1-& 1-#& "T1 gz

Lettingz— €¥/% the sinistral side is finite, but the dextral side is infiniféis contradiction establishes the claim.

3 Example Partition the non-negative integers into two sé&tsndB, such that every positive integer is expressibleaby
a;a< d;aa € Ain the same number of ways asby-b';b < b';b,b/ € B.

Solution: Consider the generating functions
AX) => x@andB(x) = > xX.
acA beB
Observe that the conditions stipulate

A(X) +B(x) = %(

viii



OGFs and Linear Equations ¢

and
AZ(x) — A(X%) = B2(x) — B(x?)
Thus
(A(X) = B(X))(A(X) +B(x)) = A(X*) = B(xX°),
and so

Iterating gives

and lettingN — o gives

A(x)—B(x) = [Ja-x).

n=0

This product, when multiplied out, giveisk¥ if k is the sum of an even number of distinct powers of 2 antlif k is and odd
number of them. This means that
A = Set of all integers with an even number of 1 digits in itsdvnrepresentation.
B = Those with an odd number of 1 digits.
So
A=0,3,56,9,10,12 15,...,

B=1,2,4,7,8,11,13 14,.. ..

1.2 OGFs and Linear Equations

We now present some examples of how ordinary generatingifursccan be used to find integral solutions to linear equoatio

4 Example Find the number of integer solutions of
X1+ Xo + X3+ X4 = 69,

with x; > 0,% > 3,x3 > 55,X4 > 0.

Solution: We are asking for the coefficientxéf in the expansion of
(L X+X2 4+ )+ +x8+ )

(8T x84 Y (X bR+ L),

But this expression equals
1 X X% x x51

IT-x 1-x 1-x 1-x (1—-x)%

By the Generalised Binomial Theorem, the coefficientbin the expansion of1 —x)~#is

(_1)8<—4> _ (CAEHEOENB(-9(-10(-1Y

- 8l

5 Example Find the generating function for the number of integer sohg of
X1 +X2+X3+X3+X5=n

with 0 < x¢ < 4 for allk . Then, find the number of integer solutionsdot xo + - - - + x5 = 10 with 0< x¢ < 4.

iX



X Chapter 1

Solution: The generating function is easily seen to be
(1+x+x2+xC+x° = (1—x)°(1-x°)°.

For the second part of the problem, we want the coefficiertbih the expansion of the above generating function. But by
the Generalised Binomial Theorem, this is

(2)©)-()E()E)

6 Example Find the generating function for the number of integer sohg of
X1 +Xo+X3+X4=n

if Xg >0,%>2,%X3>8,0<x4 >4,

Solution: We want
(A4 x4+3+ )+ +x 4+ )X+ x4 )+ +x + )

which simplifies to

T—x"

7 Example Find the generating function for the number of integer sohg of
X1 +Xo+X3+X4=n

with 0 < X1 < xp < X3 < Xg.

Solution: Make the change of variablgs= X1,y» = Xo — X1,Y3 = X3 — X2,Y4 = X4 — X3. Thenxy + Xo + X3+ X4 = 4y1 + 3y> +
2y3+Yy4. Thus we want nonnegative solutions to the equation

4y1 +3y2+ 2y3+Yys=n.
The generating function for the number of solutions of thi kequation is easily seen to be
A+ A8+ A+ )L x 4+ )

which in turn equals
1 1 1 1

1 1-x3 1-x 1-x

8 Example Find the generating function for the number of integral §ohs to
XL +Xo+ -+ X =N,

with x > k.

Solution: The generating function is seen to be

(X+X2—|—~~~)(X3+X4—|—~~~)---(Xr+Xr+1—|—~~~):




Difference Calculus Xi

1.3 Difference Calculus
We define thdorward difference operatoas
Af(x) = f(x+1)— f(x).

For example:
A = (x41)% —x% = 2x+ 1.

A =2 2X =2,

Asinx = sin(x+ 1) — sinx
= sin(x+}+})—sin(x+}_})
a 22 2 2
. 1 1. 1 1
- sm(X+5)005(§)+5'“(§)005(X+§)

—sin(x+ %)cos(%) +sin(%)cos(x+ %)

1 1
= 2sin(= =).
S|n(2)cos(x+ 2)
We define theterated differenceby the recursion
A=A, A=A forn> 1.

We also define théorward unit pustoperator as
Ef(x)=f(x+1).

For exampleExX? = (x+ 1)? = x? + 2x+ 1. We note in passing, that= E — 1. For example,

M = (E—-1)%°
= EX-¥

If m> 0 is a positive integer, we define
XM = x(x—1)(x—2)--- (Xx—m+1).

We definex(©) = 1. Observe that
XM = x(M) (x — m) (%).

How must we defing(™ for negative integem? Letm= —1in (x). We get

X0 = xV(x+1)

1

- 0 _ L(—1)
Sincex(? = 0 we obtainx(-1) = =

By recursion we see that

(M) _ 1
(X+1)(X+2)---(x+m)

for negative integem.
With x(" and the operatdk we obtain formulee analogous to the differentiation formulde can prove thaix(™ = nx"-1).
To see this, assume first thats a positive integer. Then

A = (x+1)™ —x
(X+1)(X)(x—1)---(x+1—n+1)
—X(x=1)---(x—n+1)
= x"Y((x+1) - (x—n+1))
n—1)

= x("Dp,

Xi



Xii Chapter 1

as wanted. Ihis a negative integer, the proof is similar.
The operator& andA are quite useful in obtaining-th terms of sequences.
Letug,us, U, U3, --- be a sequence. We see that
u1=Euw

Up=Eu = E2U0
Uz = Ew, = E%u; = E3up

and in generaly, = EXup. Now, asE = A+ 1, we obtairu, = (1+A)kuo, and upon using the Binomial Theorem,
K /K
Ug = A Up.
. (0)

We need thus to find the quantitidéu, j = 0,1,2,- --.
But on considering the following array

Uo Uy Uz .
Ui — Uop U2 — Up us—us...
Uz — 2Up + Ug Us— 2Ux + Up
which can be written as
Uo up 1) us...
Aug Auq Aup .
AZUO AZU]_ AZUZ. ..
A3y Asuy...

Thus the sought quantities are on the first diagonal of theehoay.
We now present a few examples

9 Example Find then-th term of the sequence¥4,30,52,80,114 - - -, assuming that it grows polynomially.

Solution: We form the difference table
4,14,30,52,80,114 ...
10,16,22,28,34, ...
6,6,,6,6,...
0,0,0,...
Thusug = 4,Aug = 10,A%ug = 6,A%up = 0 for j > 3. Now, by the Binomial Theorem,

Uh=E"y = (1+A)"uo

_ 1. ny 1 ny .2 n\ .3
= 1l u+ <1>A Up + (Z)A Ug + <3)A Ug +
n n
= A N?
Uo—i—(l) Uo—i—(z) uo
n n
= 4 10 6
= 4410n+3n(n—1)
= 3’4+ 7n+4

10 Example Find then-th term of 816,0, —64, —200,—432 ..., assuming that it grows polynomially.

Xii



Difference Calculus Xiii

Solution: Form the table of differences
8,16,0,—64,—200 —432...

8,—16,—64,—136 —232...
—24,-48 —72,-96,...
—24,-24,-24, ...
Thusug = 8,Aug = 8,A%uy = —24,A3uy = —24 andAlug = 0 for j > 4. Hence by the Binomial Theorem, and singe=

E"ug = (1+A)nUo,
n n n\ ., N
<O)Uo+<1)AUo+<2)A Uo+(3>A Up +

— 8+8n— 24'”(”2_ L _pqn= 12(” —2)
8+8n—12n(n—1)—4n(n—1)(n—-2)

Un= (1+A)"up

11 Example Evaluate;l;n?.

= (LA A )n?

= (A+A+D0%+A03+..)[n@ 4 n@)]
= n@4nMyon¥ 14240
= n@ 43043

12 Example Evaluatez—z— n.

N S
E2-5E+6  (E—2)(E-3

—N n
1-a"" 1-5

= (14+A+A%+A%+..)n®

1 A N2 A3
—(5)(1+—+—+—+---)n

2 4 8
1 1
= nYi1-—=o9n® =
n'* + 59N +2)
1 3
- nyL =
2" g
13 Example Find
1
—— k®
1-A
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Solution: Expanding_}—A in powers ofj,

— k& = (148407 +03 A% KB

= k& +2k® + %O 4 A% + A% 1.
= k®4+3k? 16k +6+040+---
= k& 4+3k@ 16k +6.

1.4 Sum Calculus

The operatot\ is analogous to the differential operator. What is the amadofor integration? Of course, we know from
Calculus that summation and integration are related, aediiation is the inverse (in some way) of differentiatiore #e thus
going to attach the symb%l = A~ with the meaning “summation”, i.A 1 = 3. In analogy to integration, we have

x(N+1)

A =3 X = 1 +tC nez n+#—1,

whereC is the summation constant. For examglelx® =x(6) /64+-C andA(-2x® = A~1(x®) /6+C) =x") /42+-CixV) + C,.

Now, what is analogous to definite integration? It muspBg ; ax. We first find the “indefinite integral” foay. In analogy
to differential Calculus, we seek for a sequence whose fidgraifference igy. Let Ayx = ax. Thenyy, 1 — Yk = a. Summing

fromk=1t0k=n, yni1—Y1 = >k ;1 &, Which is the quantity we want. Thusyk = A tay, then SR ;a =y =
Yn+1— VY1
We now observe that we can sum a series by extending thedfifferarray upwards.

0 Ug Up + Uz Up+ U1+ Uz Up + U1+ Uz + U3
Uo Uy (05] us Ug

We just have to find tha-th term of the sequence of partial sums.

14 Example Find a closed form fop p_, k2.

Solution: The sequence of partial sums is

0
12=1
12422-5

124+224+3°=14

124224+3%+42=30
12422+ 3%+ 424+ 52 =55, etc.

We form the difference table for this sequence

0,1,5,14,30,55,...

1,4,9,16,25,. ..
3,5,7,9,...,
2,2,2,...,

0,0

s Uyt

Xiv
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Thusug = 0,Atug = 1,A%up = 3,A3ug = 2,Alug = 0 for j > 4 and so,

n
Zkz = U,
—1

= (1+4)"w

= UO+(>AUO+(>AUO+<) Ug
B 3(n— n(n—1)(n

= 3

_ n(14_3(n2—1)+(n 1)3( -2)

_ n(64—9(n—1)4—62(n—1)(n—2))

= g(6+9n—9+2n2—6n+4)

= g(2n2+3n+1)

~ n(n+1)(2n+1)

= —5

as it is well known.

15 Example Find a closed form fop p_; k(k+1).

Solution: Hereug = 0,u; = 2,u, = 8,u3 = 20 and we form the difference array
0,1,5,14 30,55, ...,

1, 4,9, 16, 25, ...,
3,570, ...,

and soug = 0,Aug = 2, A2up = 4, A3up = 2 whence

n
> K(k+1)=un
k=1

|
=
+
B

|
[EEN
-+
N\
-
N——
=
o
-+
I~/
N S
N———
>
N
<
o
+
=~
w S
N——
>
w
=
o

I
=
+
N
>
+
N
=
Nt
+

The above method only works for sequences that grow polatignaind hence their differences will ultimately be 0. Foome
tries to use this to surﬁ:'k‘zl k2%, one obtains a false result (say)

n
> Kk =p(n), (false).
—1
where p is a polynomial. The sinistral sidezis> n2" as n— oo but the dextral side isc< ndegree ofp,

The right formula can be obtained as follows. Let

Xn+1 X Xn+1 X

ZX Tx—1 x-1

XV
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Differentiating,
n
f) = > k&t
k=1
(N+)x"(x—1) —x"1  x—1-x
- (x—172 -1
XL - (n+ )X 41
- (x—17?
Letting x= 2,

n
D okt = M (n41)2"+1
k=1

or
n

D kK =n2"2 - (n+1)2" 42
k=1

Or one can also argue as follows. We have

S = 1.242.2243.224...4n.2"
2S = 1.2242.2243.2%4+...4+(n—1)2"4n. 21
Upon subtraction, S=n-2M1_2n_on-1_ ... 22_ 2 After summing the geometric series=$12"1 — 2"1 4 2 which is the

same formula as above.

16 Example Find
#kZ
EZ-2E11
Solution: Observe thd? —2E +1 = (1+A)?—2(1+A) 4+ 1= A% Also, k? = ki@ + kI, Thus

1

K = A K@ kD
EZ_2E11 +

kB K2
= A*l(? +=5+C)

k4 kB

= — 4+ —+CkY+C.
12+6+1 +C

17 Example Expresd in the formAK®) + Bk? + CKY +D.

Solution: We want to express as
Kk = A(k)(k—1)(k— 2) + B(k)(k— 1) + Ck+D.

Lettingk = 0, we findD = 0. Lettingk =1, we findC = 1. Lettingk = 2, we find B = 3. Now, A = 1 because the degrees of
both expressions is 3, and so the leading coefficients ondid#is of the equality must agree. Hence

K =Kk +3k@ 1 kD),

18 Example Find the sum_p_; k2.

Solution: First we expredg as falling factorials,

K> = Ak? +BKY +C

XVi
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which is the same as
k? = A(k)(k— 1) + Bk+C.

Letk=0.
0> =A(0)(-1) +B(0)+C=C
Thusc=0. Letk=1.
12 =A(1)(0) +B(1) +C=B
ThusB=1 Letk=2.
22=A(2)(1)+B(2) +C=2A+2

ThusA=1.
Substituting inA, B, andC, we obtain
k2 =k kb,

Zn:kz = > k=1"%® + k¥
k=1

K3 k@ |
- 3772
(n+1)<3) (n+1)(2> 18 13
- T3 T2 T3 2
~ (n+1)(n)(n=1) n(n+1)
- 3 L
~ 2n(n+1)(n—1)+3n(n+1)
N 6
~ [n(n+21)][2(n—-1) +3]
n 6
~ n(n+1)(2n+1)
= =%

1.5 Homogeneous recurrences
If a recurrence relation has the form

aoYnk +a1yn—1+k +aYn—24k+ -+ anyk =0,

with constantsy, we call such a recurrentieear and homogeneouSince by means of the push operator we can express this
as

(aoE" + alEn*l_i_ ~-+ap-1E+an)yk =0,

we just have to determine the roots of the polynomiaEinWe get several cases depending on the roots being all rdal an
distinct, real and repeated, or complex. We will examined¢tdifferent cases in the examples that follow.

19 Example Solve the following difference equation:

Y42 — SYky1+6yk = 0.

Solution: Using the push operator,

Ykr2 = SVkp1+6yk = EZyk— SEyk+ 6yk
(E% — 5E + 6)yx
(E—-3)(E—2)yk

Thusyy = A- 24+ B- 3% for some constant& andB.

20 Example Solve the initial value difference equatioyk., » — 6yk 1+ 8yk = 0 if yp = 3 andy; = 2.

XVii
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Solution: Using the push operator,

Ykr2 — 6Ykp1+8Yk = EZyk— BEYk+ 8yk
= (E2—6E+8)yk
= (E-4)(E-2)w

Thusyy = A- 2%+ B- 4¥ for some constanta andB. Fromyp = 3 andy; = 2, we plugk = 0 andk = 1 into the equation to get
3=A-204B.2°=A+Band 2= A-2'+ B-4! = 2A+ 4B. We solve these equations to get= 5 andB = —2. Thus

Yk =5-2—2.4%

21 Example Solve the difference equation 2 — 2yi1+ 5y = 0.

The equation can be written 882 — 2E + 5)y = 0. It follows that the solutions argl + 2i)k and(1 — 2i)X. Putting these into
polar form, we get

142 = \/5( i) = v/5(cos® +isin@) = v5e°

f \/—

1-2i= \/3( = /5(cos® — i sin@) = v/5e1®

v

where tar® = 2.
It follows that the two linearly independent solutions are

(VBEO)K = (v/B)kek® — 55k — 5% (cosk® + i sinkO)

and
(VBe 19k = (v/B)ke KO — 536K _ 5% (cosk® + i SinkO).

Here we have used Euler's Form@é = cosf + isinf. The general solution can be written as

Yk = 52 (AcoskO + Bsinko).

22 Example Solve the difference equatiofn,. 2 — 4yk. 1+ 4yk = 0 foryp = 1 andy; = 3.

Solution: Using the push operat&?yy — 4Eyk + 4y = 0. This can be factored & — 2)(E — 2)yx = 0. The general solution
is thus

yk = A2¢+ BI2X.
Substituting foryg andy; into the equation above, we get the following:
1=A2°4+B(0)(2%) =A

and
3=A2' +B(1)(2}) =2A+2B.

Solving the equations, we gat=1 andB = % Thus

Yk = 2k—|— kok-1,

23 Example Solve the recurrence
Yni3— 2Yni2— Ynt1+ 2% =0
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Solution: We must solve
(E3—2E?—E+2)yn=(E—1)(E4+1)(E—-2)yn=0.

The general solution is
Yn=A+B(-1)"+C(2)".

24 Example Solve the recurrence
Yni3+6Yni2+ 121+ 8yn =0.

Solution: We see that this is equivalent®-+ 2)3y, = 0. The solution is thus given by

Yn=A(—=2)"+Bn(—2)"+Cr?(-2)".

25 Example Solve the recurrence given by
(E—2)(E—-3)(E—-8)1%%%, =0.
Solution: The solution is readily seen to be

yn = A(2)" + B(3)" + C18" + Con8" + C3n?8" + - - - ++ Cpo041 203",

26 Example Solveyy 4+ 12y, 2 — 64y, =0.

Solution: The equation is converted intB* + 12E2 — 64)yy = 0, which can factored agE? + 16)(E2 — 4)yi = 0. This can
be factored again a&? + 16)(E — 2)(E + 2)yk = 0. Factor this two more times intE? — (4i)?)(E — 2)(E + 2)yx = 0, then
(E —4i)(E+ 4i)(E — 2)(E + 2)yx = 0. The general solution foy is

Vi = A2X + B(—2)K + C(4i)* + D(—4i)*.

27 Example Solve the difference equatioy 1 + 3yx = 0.

Solution: This is the same 48E + 3)yi = (3)(E + 3)yk = 0. Dividing by 3 gives(E + 3 )y, = 0. The solution is, = A(—3).

NIlw

28 Example Solve the recursiog, 3 —8yx =0

Solution: We have

E3—8)yx
E— 2)(E2+2E+4)yk
E—2)(E2+2E+1+3)y
E—2)((E+1)%+3)y
)
)

Y3 — 8Yk

E—2)(E+1)?—(iv3)?)y
E—2)(E+1—iv3)(E+1+iv3)yk

Thus
Yk = A2+ B(i — ¥+ C(-1—i)k

XiX
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1.6 Inhomogeneous recurrences

We now consider the case when the difference equation iswamgeneous.
We shall need several formal operator methods for our tagkfilt prove the following result.

29 Theorem (Exponential shift) LetF be a polynomialim. Let@(E) be a polynomial on the push operator. Then a particular
solution to the equation

@(E)yn = a"F(n)

is given by
1
Yparticular= a” o(aE) F(n).

Proof Let (E) =3 oajE!. Then

@(E)a"F ()

m .
> aiEla"F(n)
i=0

m .
= Y aa"™IF(n+j)
=0

m
= a"y ajalElF(n)
i=0

= a"p(aE)F(n).
We conclude thap(E)a"F (n) = a"@(aE)F (n). Thus
1 ., a1
@a F(n)=a —(p(aE)F(n)'

30 Corollary If ¢(a) # 0, theny, = % is a particular solution to

@(E)yh=a".
31 Example Solve the recursion
Yni2—5Yni1+4yn=2-3"-4.7".
Solution: Using the push operator, the equation is equindte
(E?—5E+4)yp,=2-3"—4.7",
The homogeneous solution is givenyy= A+ B4". To find a particular solution to the inhomogeneous case, rite w

B S I S
E2-5E+4 E2-5E+4

and use the Theorem of the Exponential shift

Yn= 4.7

Ypatticular = 3" 32,5]('23,)+42 -7 72—5:(L7)+44
7n

= —3n—§

The complete solution is given by the sum of the homogeneadisree particular solution

Yn=A+B4"—3"— 27”.

XX
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32 Example (Putnam 1980) For which real numbera does the sequence defined by the initial conditign= a and the
recursionun, 1 = 2up — N haveu, > 0 for alln > 0? (Express the answer in simplest form.)

Solution: We will shew thati, > 0 for alln > 0 if and only ifa > 3. LetAu, = un.1 — Un. The difference equation takes the
form (1— A)u, = n?. Sincen? is a polynomial, a particular solution is

U= (14+48) I’ =(1+A+0%+ - ) =n’+(2n+1)+2

or
Up=n?+2n+3.

Hence, the complete solutiontg = n?+2n+ 3+ k- 2", sincev, = k- 2"is the solution of the associated homogeneous difference
equationvy, 1 — 2v, = 0. The desired solution withiy = a is uy = n? +2n+ 3+ (a— 3)2". Since lim, ,»[2"/(n°+2n+3)] =
+oc0, U, Will be negative for large enoughif a— 3 < 0. Conversely, ifa— 3> 0, it is clear that eachy > 0.

33 Example Find a particular solution for the recursion
Y2 — SYni1+4yn=n?-3".

Solution: A particular solution is given by

_ 1 240
Y=gz se14"
Using the exponential shift theorem,
_ 1 2
Yo = 3° (3E)275(3E)+4n
= 3N 2 _——n
(BE-H(BE-D

3n*/3 n2+3n 1/3 2
— 3n. 1/3 ()+n(>+3n.%n(2)+n(l)
7321(1 %A+%A2+...)n(2>_|_n(l>
—3”*1(1+3A+9A2+---)n<2)+n(l>
= (@ - 43
—3"1(n(@ 4 4n® 4 21).

34 Example Find a particular solution for the recursion
Yn—3yn-1=3"
Solution: The equation i€E — 3)y,_1 = 3". A particular solution is given by

1 .
Yn-1= §3 .

Using the exponential shift theorem,
Vi l_3n 1 31 3n- 1A 11 3n- 1( (1)_|_C)’

whereC is a constant. Since the homogeneous solution is of the A8the general solution ig, 1 = A3"+n3"1 or
yn = A3"+n3". (Notice howC3" and other constants3" were absorbed iA.)

35 Example Solve the recursion
Yn—3yn-1=n+2.

XXi
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Solution: A particular solution is given by 1 = g2gn® +2= 5 - 7mnM 42 = —5(14+8/2+0%/4+ - )nV) +2=
—n/2—5/4. Thus the general solution is given by

Yno1=A3"—n/2-5/4

or
Yn=A3"—n/2-7/4.

36 Example Solve the recursion
Yn—2¥n-1+Yn2=2"

Solution: A particular solution is given by, » = ﬁzzn = Z”ﬁzl = 2", where we have used the corollary to the expo-

nential shift theorem. It follows that the general solutiorthe recursion is given by, » = A+ Bn+ 2" or, what is the same,
Yn = A+Bn+2"2,

37 Example Solve the recursiog, — 2yn_1+Yn-2 =4

Solution: A particular solution is given byy_» = —~—4 = A=24 = 2n(® +-Cn 4+ C; = 2n? 4+ Cn+C;. The general solution

(E-1)2
is thus given by,_» = A+ Bn+2n2.

1.7 Generalised Binomial Theorem

If xis any real number, we may define formally the sym@()l neNas

(x) _ X(x=1)(x=2)--(x—(n—1))

n n!

Thus(}) is a polynomial of degres in x. We take the convention th&}) = 0 if nis not a nonnegative integer. rif= 0, we
definezé) as 1.
One formula which is particularly helpful is theoper negatioriormula:

(;X) _ (_1>n<x+2‘1) nezZn>o. (L.1)

Its proofis easy:

Factorising the-1's, the above equals

which is the same as

38 Example Prove that
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Solution: Using upper negation twice and the result fronnegple (3.8) we find

zer(a) = 2007
(")

amfa—1
().
as wanted.

Using Taylor's Theorem, we can prove a more general versidneoBinomial Theorem. For generale R and|x| < 1,
the Generalised Binomial Theoreholds: .
a
1+x) = g
1+x%=Y" (k)x

k=0

Albeit we will not prove the Generalised Binomial Theoreméyave will give an example of its use.

39 Example Find the coefficient 0k'°%¢in the expansion of

XlOOO
(1—-5x2)10
Solution: By the Generalised Binomial Theorem
%1000 ® -10
(1 = 5X2)10 _ . (_5)leOOOF2k'
k=0

Thus we neett = 3 and the coefficient sought is

(—5)3(_; O) = —125(_10)(_31'1)(_12) = 27500

1.8 Formal Power Series

We now study power seridgermally, that is, we do not worry about questions of convergenceelhave two power series

Zanx andB(x anx

n=0

their sum is given by

[

Z (an + bn)X

=0

Their productA(x)B(x) can be computed using tidel-Cauchy convolution formula

et =3 (S

n=0

Some power series occur so often that the student will doiwellemorising them. The most common are

1
——=1 234 1.2
T x = LHXHX X+ (1.2)

1
—1— 2 34 ... 1.3
T X+ X —X° + (1.3)
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X2 x3xt
I =X+ —= — 4 1.4
g =Xtz +t37+ (1.4)
X X3 Xt X
|Og(1+X)—X—E+§+Z+€+ (15)
XX 3 XX
C=lixto+gtytgt (1.6)
. X X X
smx:x—§+a—ﬁ+-- 2.7)
2 A 46
cosle—erm—&Jr-- (1.8)
40 Example Obtain??from ??2.
Solution: Integrating term by term
Y 1 y
— dx= [ A—x+¥-x+x*—..)d
l41+x A( + + ) dx,
whence TV
_y L.y y. .y .
log(1+y) =y > + 3 2 + 3
41 Example Obtain??from ??2.
Solution: Differentiating term by term
sinx= — (x X3+X5 X7+ )
d - d 31 51 7
we obtain
1 X x* X8
COSX = E-ﬁ-m—a‘f‘ y
as wanted.
42 Example Find the power series expansion of arctan
Solution: We have 1
= —1- — — ...
Ty Y4y -y +y?
Integrating term by term
[ = [a-yey-yry-
= Yty -y +y —-)dx
o 1+y*  Jo Y
which is to say
X2 XX X
arctarx:x—§+€—7+---
43 Example In the expansion of
(1 x+x2+x3)4

1. Find the coefficient of®.

2. Find the coefficient of?4.

XXIV
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Solution: (1) As 1-x* = (1 —x)(1+x+x?+x3), we have
(L+x4+x 434 = (1—xH*(1—x)

From this, the exponent 6 can be obtained in two wa{%® andx*x?. Using the Binomial Theorem (and generalised Binomial
Theorem) we see that the coefficient sought is

4\ (-4 _ 4\ (-4

0 6 1 2 )
(2) The exponent 24 can be obtained frétn- x*)#(1 — x)~* in five ways: fromx®x?*, x*x?0, x8x6, x12x12 and fromx6x8.
Using the Abel-Cauchy convolution identity, the numeriealue of this coefficient is

(0)(a1) - () () + () s)- () () - (&)

44 Example Prove that for integem > 1,
<2n> ] (n)< : )
n Zk:o k/\n—k

Solution: The strategy is to splf}) (,",) into (}) and(,",). By the Binomial Theorem(?") is the coefficient of is the
expansion of 1+ x)2". As (14 x)?" = (1+x)"(14x)", using the Abel-Cauchy convolution, the coefficienkbbn the dextral
side isY"f_o (1) ("), @nd so the identity is established.

()

Solution: The strategy is to splt[([l)2 =k(p) (") intok(y) and(,",). Now,k(;) occurs in the derivative dfl + x)", as

nX(14+x)" =" k(E) XK.

k<n

45 Example Find a closed form for

The term(nfk) occurs, of course, in the binomial expansion

14+x)"=>" (ni k) Xk,

k<n
If we multiply these two sums together using the Abel-Cauntiyvolution formula, the coefficient of in the expansion of

nx(1+x)" 11+ x)"

26

But this coefficient, is the same as the coefficientbify the expansion of

nx(1+x)" 1,

() —(73)

XXV
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Although we said that we were going to consider power seaasdlly, we mention in passing the importakitel’s Limit
Theorem.

Abel’s Limit Theorem: Letr > 0, and suppose that - ganr" converges. Thely . oanx" converges absolutely fox| <,

and
lim Zanx” - Zanr”.

X—I—
n>0 n>0

Abel’s Limit Theorem can also be extended to cover the casmwaime is in a region of the complex plane.

46 Example Find the exact numerical value of

Solution: This alternating series converges by LeibnigstTConsider more generally
B (_1)nflxn B
f =" —— =log(1+X),

by (3.4.4). We see thdt(1) = log2 Thus

1 1 1
1—§+§—Z+---—Iogz,
by Abel’'s Limit Theorem.
47 Example Prove that
7_-[—1_1'4_}_1'_’_}_
4 3 5 7 9

Solution: The given alternating series converges by Leibriiest. The result follows immediately from example (3.B8
lettingx — 1.

48 Example Find the exact numerical value of

n>0
Solution: Let
X1
f(x) = x&' =
n!
n>0
Then
(n 1
) = xe 4 = 3 LLEDX )
n>0
Multiplying by x,
n+ 1)x"1
xf'(x) = x°e +xe = (n+ X
=0 n!

Differentiating this last equality,

2n
X (x) + f(x) = 2x€ 4 x°€* + x& + & = ZL”

n>0

Lettingx — 1, we obtain

12
Z (nJr: ) —2e+e+e+e=5e

XXVi
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1.9 Series Multisection
In what follows we will needDeMoivre’s Theoremif nis a natural number, then
(cosx+isinx)" = cosxn+ i sinxn.

Consider the polynomial
1-X"= (LX) (L4+X+X+ - X,

Itsnrootsg, k=0,1,2,...,n— 1 are thenth roots of unity
2mk 2mk
ek_cos—+|sm —ez’“k/n k=0,1,...,n—1.

For example, the roots of — 1 =0 are c0§—0+|5|n%’ 1,cos?Zt +isinZZ = —1/2+iv/3/2, and co$Z2 +isin2%2 =
—1/2—i+/3/2. Suppose that" = 1 bute # 1. Then

n
1 €1

lI+e+e’+ed+ . +e™ =0.
-1

Hence
0 x=cos?® +isinZ®1<k<n-1

2 e nil:
14+ X+X4+---+X {n X1

The above identity is quite useful for “multisecting” a paveeries. For example, suppose we wanted to find the sum of
every third term o2’ (%), starting with the first one, thatiS= >"p_, (5/). Then we use the fact that fef = —1/2+iv/3/2
ande; = —1/2—i+/3/2 we have

=1 and 1+ g+& =0 k=12

Thus
(x)  &g+elt+e?=0k=12 s
From this
27 27 27 27 27 27
1+17% =
27 27 27 27 27
(1+&)?" = o) Tl et e+ 3 e+t 07 e’
27 27 27 27 27
(1+&)?" = o) Tl et &+ 3 €3+ + 07 g2’

Summing column-wise and noticing that becausé«pfonly the terms (8,6, ...,27 survive,

27 27 27 27
27 27 27 _
27+ (1+&a)"+(1+ &) —3(0>+3<3>+3<6)+ +3(27>.

By DeMoivre’s Theorem(1 —1/2+i1/3/2)?" = cos 91+ isin9r= —1 and(1 - 1/2 —iv/3/2)?" = cos 451+ isin45m= —1.

Thus
27 27 27 27 1
(&) (3)+ (5 (G) 372

The above procedure can be generalised as follows. Suppatse t
X) = Z ax.
k=0

If w=€?"/% qeN,q>1,thenw’=1and 14+ w+ w?+ w3+ --- 4 0% 1 =0. Then in view of

1 Z { 1 if gdividesk,
0 else
1<b<q

XXVil
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we have q
- 1
D e =2) w (). (1.9)
n=0 q b=1
n=a modq

We may use complex numbers to select certain sums of coetffiaié polynomials. The following problems use the fact that
kis an integer
iKp ikl ik k8 — ik i+i24i%) =0 (1.10)

49 Example Find the sum of all the coefficients once the following prads@xpanded and like terms are collected:
(1—x2+x*1992 — 6x 4 5x)19%€

Solution: Put
p(X) = (1 — X2 + X4)109(2 _ 6X+ 5X9)1996.

Observe thap(x) is a polynomial of degree-4.09+ 9- 1996= 18400 Thusp(x) has the form
p(X) = ag+ agx+ axX> + - - - + a18400-4%°

The sum of all the coefficients @f(x) is
P(1) =ao+a1+az+- -+ aisa00

which is alsop(1) = (1— 12+ 141092 — 6+ 5)19%—= 1. The desired sum is thus 1.

50 Example Let
(1+x+x8)1%0 = ag + agx+ ax° + - - - + agoo®®.

Find:
0 ao+ay+a+ag+- - +agoo

O ag+ax+ag+as+--+asoo
O ag+az+as+ay+ -+ arog
[ ap+as+ag+ai+---+asoo

O a;+as+ag+agz+---+aroz.

Solution: Put
p(X) = (1+x*+x8)100 = ag + ajx+ ax® + - - - 4 aggeE®?.
Then
0
a0+ a1+ +ag+ -+ agoo= p(1) = 3.
- 1 1
m+@+m+%+m+%m=ﬂl%g:l:§m
- 1 1
a;+az+as+az+---+argg= 7’3( _2p(_ ) =0.
0

80+ a4t ag+ Aipt -+ Bgog— PHFPEDHPM +p(=1)
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agt+as+ag+ayz+---+arg7= P

51 Example Let

Find formulee for
2n
1. Zak
k=0
2. Z aok

0<k<n/2

3. Z aok—1

1<k<n/2
4. ap+ay+agt-
5. a1+ as+ag+--

Solution: Letf(x) = (1+x+x2)".

(1) —p(=1) —ip()+ip(-i) _ 4
1 :

(14 X+ x2)" = ag + X+ 8pX2 + - - + X"

(1) Clearlyag+ a1 +ay+az+as+--- = f(1) =3"

(2) We have

Summing these two rows,

whence

(3) We see that

Therefore

—h

—
[N

~—
|

QPptart+atagt---
QPp-—apta—ag+---

—h
—
I
H
N

|

f(1)+ f(—1) =2ap+2ap+2a4+-- -,

B0+t aut = 2(1(1)+ (1) = 2+ 1)

NI =

f(1)— f(-1) =2a;+2a3+2a5+---

a+ag+aste-= %(f(l)— f(~1)) = %(3"—1).

(4) Since we want the sum of every fourth term, we considefdheh roots of unity, that is, the complex numbers with= 1.
These aret1, +i. Now consider the equalities

Summing these four rows,

whence

1
do+atagt =

(5) Consider the equalities

= &ptaata@t+aztayt+ast+agtar+agt+ag+---
Qp—ayt+tpyp—agtay—ast+ag—ay+ag—ag+---
apg+ia; —ay—iag+as+ias —ag—iaz+ag+iag+---
= a—lag—ay+iagt+as—ias—ag+ia;+ag—iag+---

F(2) 4 F(=1)+ £())+ f(—i) = dao+dau+dag +---

(F)+ (=D + )+ f(-i)) =

N

4

= ptaytapt+aztast+as+agtartag+---

—f(-1) = —-apt+ay—ax+taz—ayut+as—ag+ar—ag+---

= —iag+a1+iap—az—iag+as+iag—ay—iag+---
= lag+a—lap—ag+iag+as—iag—ay+iag+---

B+ 1+i"+ (—i)").

XXIX
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Adding
f(1)— f(—1) —if (i) +if (i) = 4ay + das+4ag+ -,
whence L
aytastagt =7 (310" ()",

52 Example Find the exact numerical value of

% 1995
A

k=0

Solution: Since we want every third term starting with theotle one, we consider the cube roots of unity, thatsd = 1.
These areo = —1/2—+/3/2,w? = —1/2++/3/2 andw® = 1. If w# 1, then 1+ w+ w?=0.If w=1,14+ w+ w? = 3. Thus
if kis not a multiple of 3, 14 w*+ w? = 0, and ifk is a multiple of 3, then 4+ wk + w? = 3. By the Binomial Theorem we
then have

(1_,’_ 1)1995+ (1_,’_ w)1995
+(14 w?)19% = Y (@) (1?(95>
k<1995
1995
k<665 3K

But (1+ w)19% = (—w?)19%= —1 and(1+ w?)1®% = (—w)19%= —1. Hence

Z (1255) _ %(21995_ 2)

k<665

1.10 Miscellaneous examples

53 Example Shew that the series obtained from the harmonic series tstidglall the terms that contain at least one 0
converges.

Solution: Let.” be the set of integers that do not have any 0 in their decinpaesentation. Take anye . with k digits.
Thenn > 101 and there are‘@possiblen. Therefore, the series satisfies

1 - 1
S D M-
ne.s k=1 10K—L1<n<1ok

ne.s
9k
1061

NE

<

1
0.

O x

Hence the sum is majorised by a converging geometric sangsasum is at most 90.

54 Example Leta(n) denote the number of zeroes thdias, for exampler (660006 = 3. ForN € N, evaluate

. InS(N)
L=
NILnoo INnN

where

N
S(N) = 666",
n=1

XXX



Homework XXXi

Solution: Suppose hask digits, i.e. 1671 < n < 10¢. Let us count how mank-digit numbers have exactly0 < j <k—1

digits. We can choose the first digit from the left in 9 distimays (it cannot be 0). Of the remainikg- 1 slots, we can choose

j of them to contain the O’s in (kjl) ways. The remaining— 1— j can be filled in §1-1 ways (they cannot be 0). Thus,

there are 9 (k]l) k-digit numbers having exactly0’s. Therefore

> > 666"

1<k<log;pN 10¢-1<n<10K

S SNND D S

1<k<I0gyoN 0<j<k—1 jok-1op1k
a(n)=]

- > > 9kj<k11)6661

1<k<log;oN 0<j<k-1

N
> 666"
n=1

= ) 9(666+9" "

1<k<log;oN
9675|0910N]+1 1
S 7
So
INS(N) ~ [log;oN]In675
whence
Homework

55 Problem Find the ordinary generating functions for the followingjgences.
1. a,=1n=0,12,...
.apn=nn=0,12,...
.an=n%n=0,1,2,...

2

3

4, ap=1/n,n=0,1,2,...

5. an=1/(2n)!if n>0is even an@,=0if n> 1is odd.
6

. an=1/(3n)!if nis a multiple of 3 anda, = 0 otherwise.

56 Problem Find the generating function of the sequence of the cenitnahbial coefficients

<2n>’ n>0.
n

57 Problem Letn be a positive integer. What is the ordinary generating fiondor the binomial coefficients

(E) 0<k<n?

58 Problem A sequenceg = 1,a1,ay,... satisfies

> adn k=1

k<n

for everyn > 1. Find its generating function.
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59 Problem Letk be a fixed positive integer. Prove that

2_12“. 2 _ k—12
3 agay- 3 = O )(Zk(—nl)!( )?)

aq+ag+--+ag=n
ajeN

(Hint: Prove that the ordinary generating function of thastral side isﬁ.)

60 Problem Find the generating function for the number of selectionsdi$tinct integers fron{1,2,...,n} such thatx—y| >
2 for all x,y selected.

61 Problem Find the ordinary generating function for the number of wafyguttingk identical balls inn different boxes such
that, no box contains more than one ball, and no two empty$aseadjacent.

62 Problem Find the generating function for the number of ways of chegsidistinct integers frord1,2,...,n} no two of
them consecutive.

63 Problem Find the ordinary generating function for the number of waysll of n distinct dice will produce a sum of

64 Problem Use induction to prove thactorial Binomial Theorem

n
x+y) V=3 <E> xWy=K neN,

k=0

65 Problem Find the value of

1
—— K2,
3+A
(Hint: 15 = 12222
"3 T THAJE
66 Problem Prove that .
Zk: n(n+1)
2

using finite differences.
67 Problem Prove that
and thus
(142434 +n?=13+2%4+...4+n%

68 Problem Assuming thaly ;o x* = % for |x| < 1, find the exact numerical value of

and




Homework XXXili

69 Problem Prove that

E:Mk+1Xk+2):(n+3xn+jxn+1xm.

k=1

70 Problem Find a closed form for

1
Z (k+1)(k+2)(k+3)(k+4)

k<n

71 Problem (AIME 1994) The functionf has the property that, for each real number
f(x)+ f(x—1) =%

If f(19) = 94, what is the remainder whef(94) is divided by 1000?

72 Problem Find the solution to the recursion

an=na,_1, n>1, a; =343

73 Problem (Putnam 1969) The terms of a sequendg satisfy
TnTn+1:n (n:172737'”)

and -
lim =

=1
n—e Tnyg

Shew thatiT? = 2.

74 Problem (AHSME 1992) The increasing sequence of positive integarsy, as, - - - has the property that, 2 = an + an11
foralln> 1. If a; = 120, theag is what number?

75 Problem (AHSME 1992) For a finite sequence
A= (alaa27a3a"' ,an)

of numbers, th&€esro sumof A is defined to be

S+$+S++S
n Y

whereS =a; +ay+az+---+a(1 <k <n). If the Cesaro sum of the 99-term sequel@g ay,as, - - ,ag9) is 1000, what is
the Cesaro sum of the 100-term sequefice;,ay,as, - -- ,ag9)?

76 Problem (AHSME 1993) Consider the non-decreasing sequence of positive integers
17 27 27373737474747475757575757 e

in which then-th positive integer appeangimes. The remainder when the 1993-th term is divided by Shatmumber?

77 Problem (AHSME 1993) Let ap,ap,a3,---ax be a finite arithmetic sequence with + a7 + a;o = 17 andas + as + ag +
<+ apa="77.1f ay = 13, thenk =7

78 Problem (AHSME 1994) In the sequence
,a,b,C,d,O,1,1,2,3,5,8,"'

each term is the sum of the two terms to its left. Fand
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79 Problem (AHSME 1994) Find the sum of the arithmetic series

20+20%+2o§_)+---+4o.

80 Problem (Putnam 1948) Let a, be a decreasing sequence of positive numbers with limit @ sath, =

an.2 > 0 for all n. Prove that

ann =ay.
n=1
81 Problem (Putnam 1952) Leta;(j =1,2,---,n) be arbitrary numbers. Prove that

i—1 n
a1+ZaH (1-a)=1-]]1-a).
i=2 j=1 =1

3 (n;l—(k) <2kk)(_1)k_ %)1

82 Problem Prove that

for nonnegative integen.

83 Problem Prove that

for natural numbers andm.

84 Problem Prove that

85 Problem Simplify

n>0

86 Problem Find the coefficient ok® in the expansion of

X
14+ x24 x4
87 Problem Prove that
1 n+k\ ,
- @ = X
-2 (")
n>0

(Hint: Use the Generalised Binomial Theorem).

88 Problem Prove that

arcsink = x-+

g 1-3x5+1-3-5x_7
3'2.45 '2.4.67

2

(Hint: Use the Generalised Binomial Theorem to expéﬁéj)
—X

an—2an;1+
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89 Problem Find a closed form for

> ke

k>0

90 Problem Find the exact numerical value of

K-
k202

91 Problem Find a closed form for

Z K2xK,

k>0
92 Problem Find the exact numerical value of
k2
_k.
k>0 2
93 Problem Prove that
Z 2k\ /2n— 2k _gn
k n—k '
k<n

94 Problem Prove that
i *1(Io 2+”)
277 107 3\ 5

(Hint: Expand(1+x3)~1) into a power series. Integraté + x%)~! using partial fractions. Use Abel’s Limit Theorem.)

95 Problem Prove that

96 Problem Let f(x) = 1+ Xx+x?+---+x". Find a closed formula for

k<n
by considering
iy Sl
97 Problem Prove that
ok+l /1 3+l q
2 i <k> =T

98 Problem Prove that

n n\ (2n)!
k2<k> (r+k> GEDICTG

3 (2k+1) (E) = 2(n+1).

k<n

99 Problem Prove that

XXXV
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100 Problem Prove that .
sinn -1

n 2

n>1
(Hint: Expand log1 — €) and consider real and imaginary parts. Use Abel’s Limit Teun)

101 Problem (AHSME 1989) Find
49
Z(—l)k(99>.
—r 2k
102 Problem Let
(14 + X190 = ap+ agx+ - - - + ago*®.

Find
dp+az+ag+ -+ azgo.

% 1995
3k+1)

k=0

103 Problem Find the exact numerical value of

104 Problem Find a closed form for an
(3n)!

D

n>0

105 Problem Find a closed form for
X3n+1

(Bn+ 1)1

n>0

106 Problem For a set with one hundred elements, how many subsets asawhese cardinality is a multiple of 3?

107 Problem Prove that

k1 N _ on/25in 7T
Z(l) <2k—1) 2 sin—

1<k<n/2

ki MY onj2 N7
> (-1 (2k> 2"2cos—-.

0<k<n/2

and

Answers
71 561

74 194

75 991

76 3

77 18

78 -3

79 3030

XXXVi
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